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KAPLANSKY RADICAL, HILBERT’S THEOREM 90 AND PRO-2
GALOIS GROUPS
RONIE PETERSON DARIO
Abstract. The Hilbert’s Theorem 90 is proved for a field with non-trivial
Kaplansky radical and the Galois group of its maximal 2-extension as a finitely
generated Elementary Type pro-2 group. In the process, it is related the
non-triviality of the Kaplansky radical with a particular decomposition of the
Galois group as a free pro-2 product.
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1. Introduction
Let F be a field of characteristic not equal to 2 and F˙ its multiplicative group.
The Hilbert’s Theorem 90 assumes its simplest form when considered a quadratic
extensionK = F (
√
a). It states that the inverse image of the norm mapN : K˙ → F˙
is F˙ K˙2, for K˙2 the subgroup of squares {α2, | α ∈ K˙}.
On the other hand, the Kaplansky radical of F is denoted by R(F ) and it can
be identified as the radical of the symmetric pairing
(1) F˙ /F˙ 2 × F˙ /F˙ 2 → Br2(F ), ([a], [b]) 7→ [(F ; a, b)]
where (F ; a, b) is the quaternion algebra generated by i, j such that i2 = a, j2 = b,
ij = −ji and Br2(F ) is the set of all classes of finitely generated central simple
algebras in the Brauer group of F having order dividing 2. The study of fields
with a non-trivial radical, that is, F˙ 2 $ R(F ), is an important subject in the
algebraic theory of quadratic forms over fields [La04, Chapter XII, §6], [Kij81],
1
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[BL14], [Ku81], [Co75], [DE10]. In this context, R(F ) is translated as the set of
all a ∈ F˙ such that the value group of the binary quadratic form X2 − aY 2 is the
entire multiplicative group F˙ .
It was Kijima and Nichi [Kij81] who conjectured a version of the Hilbert’s 90
Theorem for fields having a non-trivial Kaplansky, just replacing F˙ 2 by R(F ). Here
we add the condition (F˙ : F˙ 2) <∞. In this way,
Claim 1 (H90-R). For F a field of characteristic not equal to 2, (F˙ : F˙ 2) finite,
let K = F (
√
a), a ∈ F×\F˙ 2, be a quadratic extension of F and N : K˙ → F˙ the
norm map. Then N−1(R(F )) = F˙R(K).
Cordes and Ramsey [CR79, Theorems 3.10, 4.14] proved it under the hypothesis
that (F˙ : F˙ 2) is finite and Br2(F ) has exactly 2 elements. Assuming an extra
condition on the set of orders of F , Claim 1 was studied for quasi-Pythagorean
fields [Kij81], [Kij83], [IKN85], that is, fields having the Kaplansky radical as the
set of all non-zero sums of two squares. Without the assumption that (F˙ : F˙ 2) is
not finite, Claim 1 is not true in general. Indeed, using field valuations methods,
Becher and Leep [BL14, Theorem 4.8] found a counter-example.
Denote by F (2) the maximal 2-extension of F , that is, the quadratic closure of
F inside a fixed separable closure of F . It is defined as the compositum of all finite
Galois extensions of F which degree is a power of 2. The corresponding Galois
group Gal(F (2);F ) is denoted by GF (2). For F a real closed field (e.g. R) we have
GF (2) ∼= Z/2Z. Otherwise, it is an infinite pro-2 group defined as the inverse limit
of the Galois groups of all finite 2-extensions of F .
In [DE10] we study the interplay between field valuations, Kaplansky radical,
and GF (2). Indeed, there we found a precise description for the Kaplansky radi-
cal of a field F having a valuation compatible with R(F ) (see Example 24). We
call those fields pre-2-henselian and in [DE08, Theorem 5.8] (in Portuguese) it was
shown that H90-R holds for such fields. By nature, this result depends heavily on
valuations. The main idea in the proof is that GF (2) admits a particular decom-
position, characterizing it as a very specific example of an ETG2 group, as defined
next.
The long-standing Elementary Type Conjecture for Galois Groups was inspired
in the analogous for Witt rings, stated by Marshall [Ma80]. The version in Galois
Theory states that if GF (2) is (topologically) finitely generated then it can be
iteratively built from two operations in the category of pro-2 groups and basic
Galois pro-2 groups. The operations are the free pro-2 product and the semi-direct
product having the action described by the ciclytomic character [EK96, Proposition
1.1]. The basic groups are the Galois groups of finite, real closed or local fields. They
are characterized as free pro-2 groups, Z/2Z, and (infinite) 2-Demushkin groups,
respectively. We call the resulting class of groups constructed by this way of the
class of Elementary Type pro-2 Galois Groups, since all such groups are realizable
as GF (2), for some field F . An element in this class is called an ETG2 group.
Jacob and Ware [JW89] has described ETG2 groups from Witt rings. A more
general approach, also considering possibly non-realizable groups, can be found in
[MPQT18, Section 4].
In Theorem 30 we prove H90-R (Claim 1) for a field F such that GF (2) is a ETG2
group. From Galois Cohomology, the minimal number of (topological) generators
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of GF (2), denote by d(G), is equal to dimF2 F˙ /F˙
2. Therefore, we are assuming that
(F˙ : F˙ 2) is finite, that is, GF (2) is finitely generated.
Our result is a natural generalization of previously mentioned examples, as pre-2-
henselian fields and quasi-Pythagorean fields, detailed in Example 24 and Example
8, respectively. The same is true for examples constructed by Kula (Example 7) and
Berman (Examples 5 and 6). For the proof we make use of the Kurosh Subgroup
Theorem for pro-2 groups (Theorem 28) in order to find G2(F (
√
a)) and R(F (
√
a)),
a ∈ F˙\F˙ 2. It has two separated cases, according to a ∈ F×\R(F ) or a ∈ R(F ),
both detailed in Theorem 29, cases (1) and (2).
In order to prove Theorem 30 we also need to precisely decode non-triviality of
Kaplansky radical from the Galois group GF (2). This subject has its own interest
because important field arithmetic properties can be deduced from this group. For
example, orders on F come from the existence of torsion elements in GF (2). Re-
cently, Koenigsmann and Strommen [KS19] showed that the dyadic valuation on F
can be recovered if GF (2) ∼= GQ2(2).
Quasi-Pythagorean and pre-2-henselian fields have non-trivial Kaplansky radical
and the Galois groupGF (2) of those fields is described in Examples 8 and 24, always
assuming it finitely generated. Both are particular cases of the following.
Claim 2. Let F be a field, char(F ) 6= 2, F˙ 2 6= R(F ) 6= F˙ and (F˙ : F˙ 2) finite.
There are two field extensions L and H of F in F (2) such that G2(F ) admits a
decomposition in a pro-2 free product GF (2) ∼= GL(2) ∗2 GH(2) satisfying:
(1) GL(2) is a free pro-2 group (R(L) = L˙) of rank equal to dimF2R(F )/F˙
2.
(2) The field H has trivial Kaplansky radical.
In Theorem 4.1 we prove it for a field F such that GF (2) is a ETG2 group.
It includes the previous cited examples, as well Berman and Kula constructions
(Examples 5, 6 and 7).
If we assume the extra hypothesis |Br2(F )| = 2 as the example of Cordes and
Ramsey [CR79], we have the so-called one relator pro-2 Galois group. Although
Claim 1 is true for such field [CR79, Theorems 3.10, 4.14], in [Wu85] it was raised
question (which still not answered) if GF (2) has a decomposition like in Claim 2,
with H being a 2-Demushkin field, as explained in Subsection 3.2. If true, it would
say that if GF (2) is an one-relator pro-2 group then it is ETG2.
In the next section, we list other properties of R(F ), as well many examples. The
relations between Kaplansky radical and basic groups, and with basic operations,
are studied in Section 3 and Section 4, respectively. In Section 5 we proved the
decompositions results. Finally, H90-R for ETG2 groups is proved in Section 6.
All fields will always be assumed to have characteristic not equal to 2. Despite
all the machinery in quadratic forms, another reason to exclude this case is that
the Galois group GF (2) is a free pro-2 group. Subgroups of profinite groups are
assumed to be closed subgroups. homomorphisms are continuous.
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2. The Kaplansky radical of a field
Basic notations in this Section can be found in [La04, Chapter XII, §6].
Let F be a field of characteristic not equal to 2 and DF 〈1,−a〉 be the value
group of the quadratic form X2 − aY 2 over F , or equivalently, the image of the
norm map N : F (
√
a)× → F˙ . We define the Kaplansky radical of F as the set of
all a ∈ F˙ such that N is onto, that is, DF 〈1,−a〉 = F˙ . In the pairing (1) remember
that
(2) [(F ; a, b)] = 0 ∈ Br2(F )⇔ a ∈ DF 〈1,−b〉 ⇔ b ∈ DF 〈1,−a〉.
Putting all together it follows that
(3) R(F ) =
⋂
x∈F˙
DF 〈1, x〉.
Denoting by
∑
F˙ 2 all the non-zero finite square sums, we have a chain of subgroups
(4) F˙ 2 ⊆ R(F ) ⊆ DF 〈1, 1〉 ⊆
∑
F˙ 2 ⊆ F˙ ,
which collapses only for a quadratically closed field.
Most fields are indeed in the lower bound for the radical, that is, R(F ) = F˙ 2.
We will say that such a field has trivial radical. It also means that the pairing (1)
is non-degenerated.
Example 3. If (F˙ : F˙ 2) = 2 we have R(F ) = F˙ or R(F ) = F˙ 2. The first
case occurs for finite fields and the formal Laurent series field k((T )), for k a
quadratically closed field. Remember that F is a formally real field it has at least
one total order, or equivalently, −1 /∈ ∑ F˙ 2. Euclidean Fields are formally real
fields with (F˙ : F˙ 2) = 2 and trivial radical.
Example 4. [Fields having trivial radical]
(a) Formally real Pythagorean fields. Remember that F is Pythagorean if∑
F˙ 2 = F˙ 2. Note that a non-real Pythagorean field would be quadrat-
ically closed.
(b) 2-Demushkin fields, e.g., the field Qp of p-adic numbers, for p a prime
number. The radical is trivial by definition, see Section 3.2.
(c) Fields having rigid elements: See Proposition 17. For instance, 2-henselian
fields which value group is not 2-divisible (Example 20).
(d) Real closed fields: Euclidean fields (Example 3) such that all polynomials
of odd degree have a root in the field, e.g., R.
The search for fields with non-trivial Kaplansky radical was motivated by the
attempt of classify Witt rings of fields having eight squares classes. In order to
finish the classification, Cordes [Co75] mentioned that it was necessary to build
fields with non-trivial radical.
By using quadratic form schemes, Kula [Ku79] show that given positive integers
n and m, there is a field F such that (F˙ : R(F )) = 2n and (R(F ) : F˙ 2) = 2m. In
the same year, Berman [Be79] studied non-real extensions of Pythagorean fields to
build more examples, also with the prescribed integers n,m. The answer to Cordes
question appears in [Ku81].
Kula and Berman examples are important particular cases of our results. For
this reason we will see more details. There are two main results in [Be79], both
starting with formally real Pythagorean fields.
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Example 5. [Be79, Theorem 2.3] Let X(F ) be the set of orders of the Pythagorean
field F . Assuming that X(F ) has 2n elements, n ≥ 2, and (F˙ : F˙ 2) = 2n+1, the
field K = F (
√−1) has 2n square classes and (K˙ : R(K)) = 4.
Example 6. [Be79, Theorems 3.9 and 3.12] It starts with two particular Pytha-
gorean fields F1 and F2. The first one is called a super Pythagorean field: it has
2n squares classes and 2n−1 orders, n ≥ 3. The second one satisfies the so-called
Strong Approximation Property: it has 2m square classes and m orders, m ≥ 2.
The later is called a SAP Pythagorean field. Then it was shown that there is a
field F such that F˙ /F˙ 2 ∼= F˙1/(F˙1)2 × F˙2/(F˙2)2 and for K = F (
√−1) one has
K˙/R(K) ∼= F˙1/({±1}F˙1)2 and R(K)/K˙2 ∼= F˙2/(F˙2)2.
The main example of Kula constructions has a different approach, as follows.
Example 7. [Ku79] Let L be a field with a finite number of square classes and F
a field such that GF (2) ∼= GL(2) ∗2 GH(2), where R(L) = L˙ and H is the field of
the iterated Laurrent series L((X1)) . . . ((Xn)). Then (F˙ : R(F )) = 2
n(L˙ : L˙2).
Examples 5, 6 and 7 produced non formally real fields. On the other side, the
main example of a real field having non-trivial radical is a quasi-Pythagorean field.
The definition of such field F is the same as the condition R(F ) = DF 〈1, 1〉. It
actually implies DF 〈1, 1〉 =
∑
F˙ 2 [La04, Corollary 6.5 (2), p. 452]. Observe that
if such field would be non-real, then −1 ∈ R(F ) and by definition, DF 〈1, 1〉 = F˙ .
Therefore, R(F ) = F˙ . Excluding this case to be study in Section 3.1, we can
assume such fields as real fields.
Example 8 (Quasi-Pythagorean fields). Let F be a (formally real) quasi-Pythago-
rean field as above defined. For future reference, let us remember that Ware [Wa90,
Corollary 1] prove that GF (2) is the free pro-2 product of a free pro-2 group and
a pro-2-group (topologically) generated by involutions, provided conditions that
holds for (F˙ : F˙ 2) finite.
Another important class of fields with non-trivial Kaplansky radical is built from
valuation theory. As we mention in the Introduction, pre-2-henselian fields were
detailed in [DE10]. Here, we postponed this example to Section 4.
3. Basic groups and the Kaplansky radical
As mentioned in the Introduction, there are three kinds of basic pro-2 Galois
groups. The only which is finite is Z/2Z. It corresponds to real-closed fields, or
in general, Euclidean fields. They have trivial radical (Examples 3 and 4-d). It
remains to study the other building blocks of the Galois group:
(a) free pro-2 groups: described in the next subsection, corresponds to fields
having the radical as the entire multiplicative group of the field. This
condition simplifies field arithmetic properties.
(b) (infinite) 2-Demushkin fields, in Subsection 3.2. The radical is trivial by
definition and the field arithmetic properties are far more complicated.
It is convenient to mention that Z/2Z also corresponds to a Demushkin field.
Indeed, it is the only finite Demushkin group (See Definition 10) [NSW, Proposition
3.9.10]. For our work it is convenient to split in two cases.
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3.1. Free pro-2 Galois groups. Let p be a prime number. The free pro-p group
F over the set X is defined by a universal property, see [NSW, Definition 3.5.14], or
directly built as a specific inverse limit using the ordinary free group over X [Ko02,
p. 41]. The rank of F is the cardinality of X and denoted by rk(F).
Example 9. The free pro-2 group of rank 1 is Z2, the additive group of 2-adic
integers. If F is a finite field, or F = C((T )), then GF (2) ∼= Z2 [JW89, p. 392]. In
general, a free pro-2 group is realizable as a Galois pro-2 group GF (2) by taking
free pro-2 products of Z2.
At the right end of the chain in (4) we have
(5) R(F ) = F˙ ⇔ Br2(F ) = {0} ⇔ GF (2) is a free pro-2 group.
The first equivalence follows from the (2) and (3). Indeed, one only has to
observe that R(F ) = F˙ occurs iff the quaternion algebras (F ; a, b) splits, for all
a, b ∈ F˙ , which is equivalent to Br2(F ) = {0}, by Merkurjev’s Theorem. The
second equivalence follows from [R70, Corollary 3.8, p. 262 and Corollary 3.2, p.
255].
In terms of quadratic forms (see [La04]), it means that every 2-Pfister form is
hyperbolic. If IF is the fundamental ideal of even-dimensional quadratic forms
classes in the Witt ring W (F ), it also means that I2F = {0}. For the u-invariant
of F we have u(F ) ≤ 2.
3.2. 2-Demushkin Fields and pre-Hilbert fields. Irving Kaplansky defined
the radical studying 2-Demushkin fields [Kap69]. Back then, it was called Hilbert
fields. See [La04, Chapter XII, §6, p. 455-456] for more details on Hilbert fields.
They have trivial radical by definition, according to the item (b) of the following.
Definition 10. We say that F is a 2-Demushkin field if the following three condi-
tions are verified:
(a) F˙ /F˙ 2 is a finite dimensional F2-vector space.
(b) The pairing (1) is non-degenerated (F has trivial radical).
(c) Br2(F ) ∼= Z/2Z, that is, only one quaternion algebra (up to isomorphism)
is non-splited.
Moreover, in this case, the Galois group GF (2) is called a 2-Demushkin Galois
group.
We have seen that GF (2) = Z/2Z is the only finite Demushkin group, realizable
for a real-closed field, e.g. R.
Demushkin groups are defined in general for a prime number p and they are not
necessarily realizable by an extension of fields [NSW, Definition 3.9.9]. The struc-
ture of relations and generators of a Demushkin group was completely described by
Labute and Serre and it is now very well understood [NSW, Theorem 3.9.11 and
3.9.19].
Example 11. Well known examples of 2-Demushkin fields are finite extensions of
the p-adic numbers, where p is a prime number, as well the field of formal Laurent
series k((T )), over a finite field k, char(k) 6= 2.
Condition (a) of Definition 10 says that GF (2) is finitely (topologically) gener-
ated and by (c), it has only one relation [NSW, Corollary 3.9.5]. However, condition
(b) does not have a clear interpretation in GF (2). In the absence of (b) we say that
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GF (2) is an one-relator pro-2 group, so-called pre-Hilbert field. In [Wu85, p.356]
it was raised the question if in this case GF (2) has a decomposition like Claim 2,
with H being a 2-Demushkin field.
4. Basic operations and the Kaplansky radical
In this section, we describe the behavior of the Kaplansky radical under the basic
operations in the category of pro-2 groups. We start with free pro-2 products and
then we do the same for semi-direct products.
4.1. Free pro-2 products. We need some results from Galois Cohomology, fol-
lowing notations from [NSW].
Let p be a prime number. The free pro-p product of the pro-p groups G1, . . . , Gn
is denoted by G1 ∗p . . . ∗p Gn and defined in [NSW, Definition 4.1.1].
Let Hi(G,Fp) be the i-th Galois cohomology group of the pro-p group G with
coefficients in Fp. By a well known result of Neukirch [Ne71, Satze 4.2, 4.3], G is
the free pro-p product G ∼= G1∗p . . .∗pGn iff the restriction map resj : Hj(G,Fp)→
Hj(G1,Fp)⊕ . . .⊕Hj(Gn,Fp) is an isomorphism for j = 1 and a monomorphism
for j = 2.
In the next theorem it is translated for field theory and our case p = 2 by choosing
G = GF (2) and Gi = GFi(2), for field extensions Fi|F in F (2), i = 1, . . . , n. We
also need the isomorphisms
H1(G;F2) −→ F˙ /F˙ 2, (a) 7−→ aF˙ 2
H2(G;F2) −→ Br2(F ), (a) ∪ (b) 7−→ [(a, b)]
Theorem 12. Let Fi, i = 1, . . . , n, be field extensions of the field F in F (2). Then
the Galois group GF (2) decomposes as the pro-2 free product GF (2) ∼= GF1(2) ∗2
. . . ∗2 GFn(2) if and only if the following two conditions are true
(i) the inclusions F →֒ Fi, i = 1, . . . , n, induces an isomorphism
F˙ /F˙ 2 → F˙1/(F˙1)2 × . . .× F˙n/(F˙n)2
(ii) the scalar extensions A 7→ A⊗F Fi, i = 1, . . . , n, induces a monomorphism
Br2(F )→ 2Br(F1)× . . .× 2Br(Fn).
For practice reasons, we will use the equivalences: (i)⇔ (I) and (ii)⇔ (II), as
follows. The first one is immediate and for the other one it is enough to use the
equivalences in (2).
(I) F˙ ∩ (F˙1)2 ∩ . . . ∩ (F˙n)2 = F˙ 2 and F˙i = F˙ (F˙i)2, i = 1, . . . , n.
(II) F˙ ∩
n⋂
i=1
DFi〈1, x〉 = DF 〈1, x〉, for all x ∈ F˙ .
From (II) and the very definition (3) of R(F ) we have
Theorem 13. If F1, . . . , Fn ⊂ F (2) are 2-extensions of the field F such that
GF (2) ∼= GF1(2) ∗2 · · · ∗2 GFn(2), then the Kaplansky radical of F is
R(F ) = F˙ ∩
n⋂
i=1
R(Fi).
As simple consequences of Theorem 13 and (I), it follows:
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Corollary 14. In the same hypotheses of Theorem 13, if each Fi, i = 1, . . . , n, has
trivial radical (respec. R(Fi) = F˙i, i = 1, . . . , n) then F has trivial radical (respec.
R(F ) = F˙ ).
Corollary 15. In Theorem 13 suppose, in addition, that GF1(2) is a free pro-2
group and F2, . . . , Fn have trivial radical. Then
(a) R(F ) = F˙ ∩ (F˙2)2 ∩ . . . (F˙n)2.
(b) The inclusion F →֒ F1 induces a monomorphism R(F )/F˙ 2 −→ F˙1/(F˙1)2.
(c) (R(F ) : F˙ 2) = (F˙1 : (F˙1)
2). Therefore rk(GF1 (2)) = dimF2R(F )/F˙
2.
Proof. (a) it follows from Theorem 13 and R(F1) = F˙1.
(b) Note that (F˙1)
2 ∩R(F ) = F˙ 2, by condition (I).
(c) Let H be the fixed field of GF2(2) ∗2 . . . ∗2 GFn(2) in F (2). Then GF (2) ∼=
GF1(2) ∗2 GH(2). By Cororally 14 and condition (I), H has trivial radical and
R(F ) = F˙ ∩ H˙2. Now H˙/H˙2 = F˙ H˙2/H˙2 ∼= F˙ /(H˙2 ∩ F˙ ) = F˙ /R(F ). Thus (H˙ :
H˙2) = (F˙ : R(F )). By Theorem 12 (i) we have (F˙1 : (F˙1)
2)(H˙ : H˙2) = (F˙ : F˙ 2),
which also is (F˙ : R(F ))(R(F ) : F˙ 2). Putting all together, (R(F ) : F˙ 2) = (F˙1 :
(F˙1)
2). 
4.2. Semi-direct products and valuations. Now let us turn to the second basic
operation. While free pro-2 products can produce non-triviality for the radical, we
will see that semi-direct products, in general, do the opposite, because it produces
valuations rings and as consequence, the appearance of rigid elements.
Remember that we denote by DF 〈1, a〉 the group of values of the quadratic form
X2 + aY 2 over the field F .
Definition 16. A element a ∈ F˙\ ± F˙ 2 is called rigid if DF 〈1, a〉 = F˙ 2 ∪ aF˙ 2 and
birigid if a and −a are rigids.
Ware [Wa81] proved that the existence of enough rigid elements in F allows us
to build valuations with great properties, as we will see next. Along the same lines,
more general versions were developed in [AEJ87] and [EK96].
Now let us see the behavior of Kaplansky radical under the existence of at least
one rigid element.
Proposition 17. If the field F has a rigid element a ∈ F˙ then (R(F ) : F˙ 2) ≤ 2
and it occurs one, and only one, of the following alternatives:
(a) F˙ 2 = R(F ) 6= F˙ , that is, F has trivial radical and GF (2) is not free.
(b) F is a formally real quasi-Pythagorean field and R(F ) = DF 〈1, 1〉 = F˙ 2 ∪
aF˙ 2. Moreover, GF (2) ∼= Z2 ∗2 H, where H is generated by involutions.
(c) R(F ) = F˙ = F˙ 2 ∪ aF˙ 2. In this case, −1 ∈ F˙ 2 and GF (2) ∼= Z2.
Proof. We have R(F ) ⊆ DF 〈1, a〉 = F˙ 2 ∪ aF˙ 2, since a is rigid. Thus, (R(F ) :
F˙ 2) ≤ 2. If a /∈ R(F ), then it occurs the first possibility. Let us assume that
a ∈ R(F ). If R(F ) = F˙ , then −1 ∈ F˙ 2, because a /∈ F˙ 2. Then we have option
(c). Now suppose R(F ) 6= F˙ . By [La04, Proposition 6.3 (1), p.451], a ∈ R(F )
implies DF 〈1, a〉 = DF 〈1, 1〉. Therefore R(F ) = DF 〈1, 1〉 = F˙ 2 ∪ aF˙ 2. Finally, the
description of GF (2) in (b) follows from Example 8. 
Corollary 18. If (F˙ : F˙ 2) ≥ 4 and F has a birigid element, then F has trivial
radical.
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Proof. It follows immediately from Definition 16 and the inclusionR(F ) ⊆ DF 〈1, a〉∩
DF 〈1,−a〉. 
In the following, all the basic definitions and results on field valuations can be
found in [EP05].
By a valued field (F, v) we mean a field F having a valuation v : F → Γv ∪ {∞},
where Γv is the value group, the associated valuation ring Av = {x ∈ F ; v(x) ≥ 0}
has maximal ideal mv = {x ∈ F ; v(x) > 0}. The residue class field is kv = Av/mv.
Let us study briefly the compatibility conditions between the Kaplansky radical and
valuations.
Proposition 19. [DE10, Prop. 2.4] Let (F, v) be a valued field, char(kv) 6= 2 and
R(F ) 6= F˙ .
(a) If R(F ) * (1 + mv)F˙ 2, then (Γv : 2Γv) ≤ 2. Moreover, (Γv : 2Γv) = 2
implies that kv is quadratically closed.
(b) If (1 +mv)F˙
2 * R(F ), then Γv = 2Γv.
Example 20. (2-henselian fields) Remember that the valued field (F, v) is called
2-henselian field if v has a unique extension to F (2), or equivalently, it holds the
Hensel’s Lemma for polynomials of degree 2. If char(kv) 6= 2, it is also equivalent
to the compatibility condition 1 +mv ⊂ F˙ 2 [EP05, Corollary 4.2.4].
Proposition 21. Let (F, v) be a 2-henselian valued field, char(kv) 6= 2, Γv 6= 2Γv,
and R(F ) 6= F˙ . Then F has trivial radical.
Proof. Proposition 19 (a) implies R(F ) = F˙ 2, provided one of the following alter-
natives:
(a) (Γv : 2Γv) > 2
(b) (Γv : 2Γv) = 2 and kv 6= kv(2)
In our setup, the two conditions in (b) do not occur together. Indeed, we would have
F˙ = A×v F˙
2 ∪ xA×v F˙ 2, for some x ∈ F˙ . If k˙v = k˙2v, condition 1 +mv ⊂ F˙ 2 implies
A×v ⊂ F˙ 2. Then (F˙ : F˙ 2) = 2. In this case, R(F ) 6= F˙ implies R(F ) = F˙ 2. 
Proposition 21 also follows from the fact that v(a) ∈ Γv\2Γv implies that a is
birigid and applying Corollary 15.
On the other hand, 2-henselian valuations can be build from the existence of
enough rigid elements [Wa81], [EP05, Theorem 2.2.7]. This approach was success-
fully applied in Galois Theory to identify 2-henselian valuations in GF (2) [EN94],
as well more generally [EK96]. It will be useful in the next theorem.
Now let us remember semi-direct products in our context. More details can be
found in [EK96, Proposition 1.1].
Let µ2 the group of all roots of unity in F (2) having order a power of 2. The
action of GF (2) on µ2 induces the ciclytomic character χ : GF (2) → U2, where
U2 is the multiplicative group of Z2. Finally, for a integer m ≥ 1, the character χ
induces the action of GF (2) onto Z
m
2 , defining the semi-direct product Z
m
2 ⋊GF (2).
Theorem 22. Let F be a field such that GF (2) = Z
m
2 ⋊GK(2), as defined above.
Assume that F is not a formally real Pythagorean field with GF (2) ∼= Z2 ⋊ Z/2Z.
Then F has a 2-henselian valuation v such that Γv 6= 2Γv and char(kv) 6= 2.
Proof. Since Zm2 is a normal abelian subgroup of GF (2), it follows from [EN94,
Theorem 4.4]. 
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Corollary 23. If F is a field as in Theorem 22, then R(F ) = F˙ 2, that is, F has
trivial radical.
Proof. It follows from Proposition 17. Observe that the field excluded in Theorem
22 has trivial radical, according to Example 4 (a). 
To finish this section, let us see that from a 2-henselian field we can build a field
with non-trivial radical.
Example 24. [pre-2-henselian-fields] A valued field (F, v) of char(kv) 6= 2 is called
a pre-2-henselian field when it holds the compatibility condition 1+mv ⊂ R(F ). By
Proposition 19 (b), if R(F ) 6= F˙ and Γv 6= 2Γv, then R(F ) = (1+mv)F˙ 2. Therefore,
it has trivial radical iff it is 2-henselian. By [DE10, Theorem 4.2] GF (2) ∼= GL(2)∗2
(Zm2 ⋊ Gkv (2)), for m = dimF2Γv/2Γv and L a extension of F in F (2) such that
GF (2) is a free pro-2 group and L˙/L˙
2 ∼= R(F )/F˙ 2. Conversely, a field admitting
such decomposition for GF (2) is a pre-2-henselian field.
5. The Kaplansky radical and ETG2 groups
Now we put all the previous information together to prove Theorem 4.1, which
corresponds to prove Claim 2 for an ETG2 group.
Remember that such a group is built from basic pro-2 groups: Z/2Z, (infinite)
Demushkin groups and free pro-2 groups, and basic operations: free pro-2 products
and semi-direct products, as the previous sections. The Elementary Type Conjec-
ture states that every finitely generated pro-2 Galois group is ETG2. See [MPQT18,
Section 4.3] for details and a complete version.
Theorem 25. Let F be a field, char(F ) 6= 2, F˙ 2 6= R(F ) 6= F˙ , and suppose
that GF (2) is an ETG2 group. There are two field extensions L and H of F in
F (2) such that G2(F ) admits a decomposition as the pro-2 free product GF (2) ∼=
GL(2) ∗2 GH(2) satisfying:
(1) GL(2) is a free pro-2 group (R(L) = L˙) of rank equal to dimF2R(F )/F˙
2.
(2) The field H has trivial Kaplansky radical.
Proof. The hypothesis F˙ 2 6= R(F ) excludes the possibility of non-occurrence of the
free pro-2 product operation in the elementary construction of GF (2). Note that in
this case we would have GF (2) ∼= Zm2 ⋊G1, for some integer m ≥ 1 and some ETG2
pro-2 group G1, which also does not decomposes as a free pro-2 product. Then
the triviality of R(F ) comes from Theorem 22 and Corollary 23. Now suppose
that the free pro-2 product operation does occurs in the elementary construction of
GF (2) and let us proceed by induction over n = dimF2F˙ /F˙
2, the minimal number
of (topological) generators of GF (p). The case n = 1 is excluded by hypotheses on
R(F ). There are six possible groups GF (2) for the case n = 2, listed in [JW89,
Table 5.2, p. 393]. Only the case Z2 ∗2 (Z/2Z) corresponds to a field F such that
F˙ 2 6= R(F ) 6= F˙ . Now it is enough to take fixed fields and apply Corollary 14.
For the general case remember that we have at least one occurrence of the pro-2
product operation. Thus, GF (2) ∼= GK(2) ∗2 GN (2), for K,N field extensions in
F (2) having Galois groups as ETG2 groups. Note that K and N cannot have trivial
radical, because it would imply F has trivial radical, according to Corollary 14. For
the same reason, K or N must have the Galois group not free. Now, by Theorem 12
(1), d(GF (2)) = d(GK(2))+d(GN (2)). Then we can apply the induction hypothesis
over only two cases:
KAPLANSKY RADICAL, HILBERT’S THEOREM 90 AND PRO-2 GALOIS GROUPS 11
(a) R(K) = K˙ and R(N) = N˙2 (the case R(K) = K˙2 and R(N) = N˙ is
analogous).
(b) K˙2 6= R(K) 6= K˙ and N˙2 6= R(N) 6= N˙ .
For the first case we just take L = K and H = N . For case (b) we have GK(2) ∼=
GL1(2)∗2GH1(2) and GN (2) ∼= GL2(2)∗2GH2 (2), with H1, H2 having trivial radical
and GLi(2) pro-2 free, i = 1, 2. Finally, choosing L the fixed filed of GL1(2) ∗2
GL2(2), H the fixed filed of GH1 (2) ∗2 GH2 (2), and applying Corollary 14, we
conclude the prove. 
We have listed several examples of fields having non-trivial Kaplansky radical.
All of them are examples of Theorem 25.
Theorem 26. If F is a pre-2 henselian field, or a field described in Examples 5,
6, 7 or 8, then GF (2) admits the decomposition described in Theorem 25.
Proof. (a) (pre-2 henselian fields) As Example 24, it is a valued field (F, v) and
GF (2) admits such decomposition choosing H as a 2-henselization of (F, v)
[DE10, Theorem 4.2].
(b) (quasi-Pythagorean fields - Example 8) Here we have R(F ) = DF 〈1, 1〉.
Ware [Wa90, Corollary 1] proved GF (2) is the free pro-2 product of a free
pro-2 group and a pro-2 group (topologically) generated by involutions,
provided that (F˙ : F˙ 2) is finite.
(c) Example 5 (Berman) It is a field K = F (
√−1) with (K˙ : R(K)) = 4 and F
a Pythagorean field. For every x ∈ K˙\R(K) we have (DK〈1, x〉 : R(K)) =
2. It means that such x is R(K)-rigid [DE10, Lemma 2.1] and by [DE10,
Theorem 2.2 (1)] K is a pre-2 henselian field, since it is not formally real.
(d) Example 7 (Kula) It is immediate from Example 20, since L((X1)) . . . ((Xn))
is a 2-henselian field.
(e) Example 6 (Berman) Again we have K = F (
√−1), but now F˙ /F˙ 2 ∼=
F˙1/(F˙1)
2× F˙2/(F˙2)2, where F1 is super Pythagorean and F2 is SAP Pytha-
gorean. It was show in [DE10, Theorem 4.8] that GK(2) is isomorphic to
GF1(
√
−1)(2)∗2GF2(√−1)(2)∗2Z2. Since F2 is SAP, we have thatGF1(√−1)(2)
is a free pro-2 group [Wa90, Remark 2]. Thus, we choose the field L in
Theorem 25 as the fixed field of GF2(
√
−1)(2) ∗2 Z2. On the other side, by
[EL94], H = F1(
√−1) has trivial radical.

It follows the translation of Theorem 25 for the algebraic theory of quadratic
forms. Let W (F ) denote de Witt ring of anisotropic quadratic forms over the field
F and IF the fundamental ideal of even-dimensional quadratic forms classes in
W (F ). The Witt ring has elementary type if it can be build from the Witt ring
from basic Witt rings and basic operations in the category of Witt rings. The basic
Witt rings correspond to those of finite, real closed, and local fields. The basic
operations consists in direct product and group ring formation.
Corollary 27. Let F be a field, char(F ) 6= 2, such that (F˙ : F˙ 2) is finite. If W (F )
has elementary type, then there are L,H field extensions of F in F (2) such that
W (F ) ∼=W (L)×W (H), with I2L = {0} and H has trivial Kaplansky radical.
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6. The Hilbert’s Theorem 90
In order to prove Claim 1 (H90-R) for an ETG2 group we need the Kurosh
Subgroup Theorem for pro-2 groups (Theorem 28). A proof for a more general case
can be found in [NSW, Theorem 4.2.1, p.208] or [BNW71].
Theorem 28 allows to find G2(F (
√
a)) and R(F (
√
a)), a ∈ F˙\F˙ 2, described in
Theorem 29. It has two separated cases, according to a ∈ F×\R(F ) or a ∈ R(F ).
Theorem 28 (Kurosh). Let G be a pro-2 group and H a open1 subgroup of G.
Suppose that G ∼= G1 ∗2 G2, G1, G2 closed subgroups of G. Let
G =
n⋃
i=1
G1aiH and G =
m⋃
j=1
G2bjH, ai, bj ∈ G,
decomposition in double cosets of G w.r.t. H,G1 and H,G2, respectively. Then
H =
(
∗ni=1 H ∩ aiG1a−1i
)
∗
(
∗mj=1 H ∩ bjG2b−1j
)
∗ F
where F is a free pro-2 group of rank 1 + (G : H)− (m+ n).
The existence of the fields F0 and F1 in the next theorem follows from Theorem
25.
Theorem 29. Let F be a field of char(F ) 6= 2, F˙ 2 6= R(F ) 6= F˙ and GF (2) a ETG2
group. Choose extensions F0, F1 ⊆ F (2) such that GF (2) ∼= GF0(2) ∗2 GF1(2), with
GF0(2) a free pro-2 group and F1 having trivial radical. Let K = F (
√
a), a ∈ F˙\F˙ 2.
There is a extension L0 ⊆ F (2) of F , with GL0(2) a free pro-2 group, such that
(1) If a ∈ F˙\R(F ), then GK(2) ∼= GL0(2)∗2GF1(√a)(2), R(K) = F1(
√
a)2∩ F˙ .
(2) if a ∈ R(F ), then GK(2) ∼= GL0(2) ∗2 GF1(2) ∗2 GFσ1 (2), and R(K) =
F˙ 21 ∩ (F˙ σ1 )2 ∩ F˙ , where G(K;F ) = {id, σ|K} and F σ1 = σ(F1).
Proof. It follows from Corollary 15 (a) that R(F ) = F˙ 21 ∩ F˙ .
(1) Assume that a ∈ F˙\R(F ) and let us define K0 = F0(
√
a) and K1 = F1(
√
a).
F (2)
K0
③③③③③③③③
K1
❉❉❉❉❉❉❉❉
F0 K
❊❊❊❊❊❊❊❊
②②②②②②②②
F1
F
❊❊❊❊❊❊❊❊❊
②②②②②②②②②
First case: a /∈ F˙ 20 . Then K 6⊂ F0 and GF0(2) 6⊂ GK(2). As a /∈ R(F ) = F˙ 21 ∩ F˙ ,
it follows that K1 6= F1 e GK1(2) $ GF1(2). Since (GF (2) : GK(2)) = 2, it follows
that GF (2) = GF0(2)GK(2) = GF1(2)GK(2) are two trivial decompositions of G
in double cosets w.r.t. the pairs GK(2), GF0(2) and GK(2), GF1(2), respectively.
From Kurosh Subgroup Theorem (Theorem 28) we have
GK(2) =
(
GF0(2) ∩GK(2)
)
∗2
(
GF1(2) ∩GK(2)
)
∗2 F ∼= GK0(2) ∗2 GK1(2) ∗2 Z2,
1 H is open when it is closed and G/H is finite.
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with F a free pro-2 group of rank 1, that is, F ∼= Z2. Now, it is enough to chose
L0 ⊆ F (2) as the fixed field of the free pro-2 group GK0(2) ∗2 Z2.
Second case: a ∈ F˙ 20 . Then GK0(2) = GF0(2), GF (2) = GF1(2)GK(2) and we have
the following decompositions in double cosets
GF (2) = GK(2) ∪ τGK(2) = GF0(2)GK(2) ∪GF0(2)τGK(2),
where τ is an automorphism such that τ |K is the only non-trivial K-automorphism
fixing F . Again by Theorem 28,
GK(2) =
(
GF0(2) ∩GK(2)
)
∗2
(
τGF0 (2)τ
−1 ∩GK(2)
)
∗2
(
GF1(2) ∩GK(2)
)
.
The result now follows remembering thatGF1(2)∩GK(2) = GK1(2) and choosing L0
as the fixed field of the free pro-2 group (GF0(2)∩GK (2))∗2 (τG2(F0)τ−1∩G2(K)).
(2) Now let us assume a ∈ R(F ) = F˙ 21 ∩ F˙ . The case a ∈ F˙ 20 does not occur any-
more. Indeed, the decomposition GF (2) = GF0(2) ∗2 GF1(2) implies the injectivity
of res1 : F˙ /F˙
2 → F˙0/F˙ 20×F˙1/F˙ 21 , according to Theorem 12. Then, a ∈ F˙ 20 ∩F˙ would
imply a ∈ F˙ 2. Therefore, GF0(2) is not contained in GK(2) and we have GF (2) =
GF0(2)GK(2), since (GF (2) : GK(2)) = 2. By the other side, GF1(2) ⊂ GK(2),
because a ∈ F˙ 21 . Then GF (2) = GK(2)∪σGK(2) = GF1(2)GK(2)∪GF1(2)σGK(2).
F (2)
F0(
√
a)
✈✈✈✈✈✈✈✈✈
F σ1 F1
❈❈❈❈❈❈❈❈
F0 K
④④④④④④④④
■■■■■■■■■■
F
ttttttttttt
By Kurosh Subgroup Theorem again,
GK(2) =
(
GF0(2) ∩GK(2)
)
∗2
(
GF1(2) ∩GK(2)
)
∗2
(
σGF1(2)σ
−1 ∩GK(2)
)
=
= GF0(
√
a)(2) ∗2 GF1(2) ∗2 GFσ1 (2).
In this case, L0 = F0(
√
a). 
Finally, we are able to prove Claim 1 (H90-R) for an ETG2 group. Once again,
it applies for all examples in Theorem 26.
Theorem 30 (H90-R). For F a field of characteristic not equal to 2 let K =
F (
√
a), a ∈ F×\F˙ 2, be a quadratic extension of F and N : K˙ → F˙ the norm map.
If GF (2) is an ETG2 group, then N
−1(R(F )) = F˙R(K).
Proof The inclusion F˙R(K) ⊆ N−1(R(F )) is already automatic and does not
depends on GF (2). Indeed, if r ∈ R(K), then r ∈ DK〈1,−x〉, for all x ∈ K×. By
the Knebusch Norm Principle [La04, Theorem 5.1, p.206], N(r) ∈ DF 〈1,−x〉, for all
x ∈ F×. Therefore, N(r) ∈ R(F ). For the other inclusion let us choose, according
to Theorem 25, extensions F0, F1 ⊆ F (2) such that GF (2) ∼= GF0(2)∗2GF1(2), with
GF0(2) a free pro-2 group and F1 having trivial radical. It follows from Corollary
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15 (a) that R(F ) = F˙ 21 ∩ F˙ .
First case: Assume a ∈ F˙\R(F ). Defining K1 = F1(
√
a), Theorem 29 (1) says
GK(2) ∼= GL0(2) ∗2 GK1(2) and R(K) = K˙21 ∩ K˙. Take x ∈ K˙ such that N(x) ∈
R(F ) = F˙ 21 ∩ F˙ and denote N1 : K˙1 → F˙1 the correspondent norm application.
By Hilbert’90 Theorem (announced in the first paragraph of the Introduction),
x ∈ F˙1K˙21 . Remember that F˙1 = F˙ F˙ 21 , according to Theorem 12. Putting all
together, x ∈ F˙ K˙21 ∩ K˙ = F˙R(K).
Second case: Now assume a ∈ R(F ) = F˙ 21 ∩F˙ = (F˙ σ1 )2∩F˙ . Again we choose x ∈ K˙
such that N(x) ∈ R(F ). Now we have K ⊂ F1 and F˙1 = F˙ F˙ 21 . Then x = αt2, for
some α ∈ F˙ and t ∈ F˙1. It follows that N(x) = αN(t2) = t2σ(t)2. Then t2 ∈ F˙ σ1 ,
because also are there N(x) and σ(t)2. Therefore x = αt2 ∈ F˙ (F˙ 21 ∩ (F˙ σ1 ) ∩ K˙) =
F˙R(K). 
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